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1 Introduction

Brane/anti-brane configurations play an important role in many applications of string

theory. A particular example is the Sakai-Sugimoto model for chiral symmetry breaking in

holographic QCD (HQCD) [1, 2]. In this setting one has pointlike D8-branes and anti-D8-

branes on a Neveu-Scherk circle. The brane/anti-brane pairs are separated asymptotically

in the radial direction on the circle. For some minimal value of the radial coordinate they

are connected, thus providing a geometrical description of chiral symmetry breaking.

In the original proposal the model only describes massless chiral fermions. It has been

a challenging task to study the quark mass deformation of the model. To be able to add

the mass to the fermions, it is crucial to take into account the bi-fundamental field of

the open string, the tachyon, which comes from strings stretching between D8-D8-branes.

Since, according to the usual holographic dictionary, by turning on the expectation value

of the tachyon one finds, that the normalizable mode of this field corresponds to the quark

condensate while the non-normalizable mode gives rise to the mass of the quarks [3–5].

In the case of Sakai-Sugimoto model one has pointlike D8-D8-branes on a circle and

is forced to deal with infinitely many winding strings which wrap the compact space. As

discussed in [6], after T-duality, exciting winding modes correspond to inhomogeneities in

field configurations wrapping the compact space.1 It is therefore interesting to study what

1See also [7].
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kind of finite size effects would we see by condensing winding tachyon fields in the Sakai-

Sugimoto model. In particular, as we shall discuss below, one should notice that the size of

the circle enters nontrivially into the D8-D8-brane effective action. In the Sakai-Sugimoto

model, the radius of the circle determines the confinement scale of the dual gauge theory.

This relationship thus constitutes one of our main motivations to study physics associated

with this parameter.

In non-compact spacetimes there are known constructions for the effective actions of

brane/anti-brane pairs both in flat and curved spacetimes [8–14]. Generically, these take

the form of a Dirac-Born-Infeld (DBI) action which is modified to include tachyon modes.

When discussing small fluctuations, it is a simple exercise to apply the methods discussed

in [6] to build actions describing brane/anti-brane pairs which are either pointlike or wrap

a compact space. In the case of branes wrapping the compact space, inhomogeneities in

the tachyon field lead to many winding tachyons after a Kaluza-Klein reduction. In the

T-dual picture of pointlike branes, this structure is realized through an infinite order shift

orbifold.2 Due to the broken supersymmetry one expects a complicated potential coupling

the tachyons to the open string moduli. For pointlike branes/anti-branes on a circle with

radius R, the effective potential, at the quadratic level, from strings stretching between the

branes takes the form

VS1 ∼
∑

w

−|Tw|2
2α′

+ |Tw|2
(ℓ + 2πRw)2

(2πα′)2
. (1.1)

The sum in (1.1) is over the infinite number of winding strings on the circle. If the value of

the moduli field ℓ is large with respect to the string length, the tachyons are all extremely

massive. As the length field is decreased, the tachyons become massless and then tachyonic.

For string scale brane separations, one expects to lose the open string description as the

tachyons condense [12].

Typically, one simplifies the analysis by considering turning on the tachyons one at a

time. Then, if the circle’s radius is much larger than the string length, it is anticipated that

one could simply truncate to the zero winding tachyon. When thinking about examples with

a finite number of tachyons, one would expect the zero winding tachyon to condense long

before the higher winding tachyons become massless. The corresponding brane/anti-brane

system would be effectively non-compact. For other approaches to tachyon condensation

on compact spaces, see [15, 16].

However, in [17–21] it is suggested that inhomogeneous decay is important in flat space

and one would like to investigate its possibility in compact spaces. Unfortunately, the

truncation to zero winding simply does not allow for tachyon inhomogeneities. Logically,

there is another possibility that might invalidate a simple truncation of the full action.

In the presence of infinitely many degrees of freedom, nontrivial scaling limits might be

found, which need not satisfy the usual intuitions. Also, one still must deal with an

infinite number of degrees of freedom. We begin by considering a tachyon profile with

large inhomogeneities. We will employ a non-trivial scaling limit to develop an effective

2In [6] there is a problematic issue of the action’s normalization. We shall comment on this issue for the

case of many winding tachyons in subsection 4.1.
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field theory description of the brane/anti-brane configuration in compact space. Being an

effective field theory, this new Lagrangian will involve only a finite number of fields, yet

retain knowledge about the compact nature of the problem. Although counter intuitive, we

shall argue that this scaling solution should be used whenever it has a lower energy than

that of the single tachyon background. We show that this is the case in the Sakai-Sugimoto

model, see [3–5, 22–42] for recent studies in this direction.

The outline of this paper is as follows. In section 2, we shall review tachyon effective

actions in compact spaces when the branes are both extended and pointlike along a circle.

In section 3 we use a shift orbifold to describe a harmonic oscillator on a circle. This simple

classical mechanical problem has similar winding dependence as the brane examples. We

will be forced to introduce a regulator to define the theory even at the classical level due to

infinitely many degrees of freedom. After identifying a scaling solution we shall be led to a

Veff ∼ cos(ℓ/R) renormalized potential, as is natural for particles coupled by an oscillator

on a circle. After this simple warm up we shall pursue a field theory realization of these

ideas in section 4 which is relevant for an effective low-energy description to string theory.

Starting from an effective action for separated pointlike branes and anti-branes on a circle,

we will use an orbifold to study the winding effects. In section 5 we use this new effective

Lagrangian in the Sakai-Sugimoto HQCD model for chiral symmetry breaking, allowing

for a non-vanishing open string tachyon field. Such models were considered in [3–5, 28].

Studying the system numerically, we find that the scaling solution is slightly preferred

by the energetic considerations. In the final section 6 we summarize and discuss possible

outgrowths of this work.

2 D(p + 1)-D(p + 1) wrapping a circle

To motivate to study winding tachyons associated with separated Dp-Dp-brane pair it is

instructive to switch to the equivalent T-dual picture, where the geometrical separation

is transformed to an open string gauge field strength background of the parallel D(p +

1)-D(p + 1)-brane pair [6]. Although, the D(p + 1)-brane configuration would be more

complicated to study we will find out that considering winding tachyons for Dp system is

quite natural.

We are interested in studying only one pair of D(p + 1)-branes in which case the

worldvolume action is Abelian. For a small (complex) tachyon expectation value, |T |, the

Lagrangian for coincident D(p + 1)-D(p + 1)-brane pair reads [11]

L ∼ −1

4

(

F (1)
µν

)2
− 1

4

(

F (2)
µν

)2
−
∣

∣

∣

(

∂µ − i(A(1)
µ − A(2)

µ )
)

T
∣

∣

∣

2
+

1

2α′
|T |2 + . . . . (2.1)

We have also ignored higher derivative corrections and transverse scalars. The last term

in (2.1) comes from the potential V (|T |) and its coefficient is fixed such that it matches

with the worldsheet calculations. Different authors use different potentials [12–14] but all

agree at small |T |, which is the regime of interest to us in this paper. It is more natural to

write (2.1) in terms of the relative gauge field, A− = A(1) − A(2).

– 3 –
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If the worldvolume coordinate, x1, is compactified on a circle of radius R̃, it is natural

to introduce mode expansions. Following [6], we have

A(−)1(x, x1) =
∞
∑

n=−∞

X(−)1
n (x)einx1/R̃ (2.2)

T (x, x1) =

∞
∑

n=−∞

τn(x)einx1/R̃ . (2.3)

Allowing for a nontrivial gauge field only in the x1 direction, the part of the Lagrangian

(after integrating over x1) which involves tachyons is rewritten with these new variables as

L ∼ −
∞
∑

n,m=−∞

τnτ̄m

((

(

n

R̃

)2

− 1

2α′

)

δm,n − n + m

R̃
X

(−)1
m−n

)

−
∞
∑

n,m,ℓ =−∞

τnτ̄mX
(−)1
ℓ X

(−)1
m−n−ℓ . (2.4)

It is readily apparent that it is difficult to consider tachyon inhomogeneities. If one

considers a profile for T (x, x1) which is sharply peaked in the x1 direction, many τn(x)

are excited. That is, for large inhomogeneities, one must confront infinitely many winding

tachyons, τn(x). For such configurations it would be useful to have an effective description

which involves fewer degrees of freedom, but still captures the winding physics necessary

to describe inhomogeneous backgrounds. To this end we shall find it conceptually simpler

to describe the T-dual theory of pointlike Dp-Dp-branes on a circle of radius R = α′

R̃
. The

Wilson line,
∫

dx1A
(−)
1 , T-dualizes into a relative separation between the Dp-branes along

the new compact direction.

The terms in (2.4) T-dualize into

L ∼ −
∞
∑

n,m=−∞

τnτ̄m

((

(

Rn

α′

)2

− 1

2α′

)

δm,n − R(n + m)

α′
X

(−)1
m−n

)

−
∞
∑

n,m,ℓ =−∞

τnτ̄mX
(−)1
ℓ X

(−)1
m−n−ℓ . (2.5)

These describe open strings connecting the Dp-Dp-branes. As in [6], the above action also

has an interpretation in terms of a shift orbifold acting on a single brane/anti-brane pair

in flat space. The fields τn(x) are interpreted as winding tachyons. In the language of [6],

X
(−)1
n for n 6= 0 are related to off-diagonal entries in the embedding matrix for Dp-brane

positions. As such, they correspond to a noncommutative embedding. Because we are

interested in description with pointlike branes, we shall assume

X(−)1
n = 0 ∀n 6= 0 . (2.6)

In the original D(p + 1) system this corresponds to considering only constant gauge fields

along the circle, A(−)1(x, x1) = A(−)1(x). This assumption may break down when the

Dp-branes separation distance becomes string scale.

– 4 –
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Even assuming that the Dp position matrix is diagonal, one is left with the daunting

task of understanding the behavior of infinitely many winding tachyon modes. At this

point, the most common approach is to truncate the tachyon Lagrangian to only include

zero winding modes. This is usually justified by imagining that the tachyons condense

one at a time. In such cases, it is true that as the branes approach one another, the zero

winding tachyon’s mass becomes negative before any of the other tachyons. There is a

caveat to this argument, it is based upon experience with finite numbers of fields. Another

issue is that such an analysis would not even allow for the possibility of inhomogeneous

decay of the D(p + 1) system.

Rather than simply truncating the Lagrangian by hand, one could instead try to sys-

tematically integrate out the winding tachyons. If such effective Lagrangian can be shown

to be energetically favorable, one should take it seriously, in spite of its counterintuitive

character. While this might be a nice story, for it to be useful one must still confront

the infinite number of fields in the Lagrangian. One natural approach would be to look

for effective field theories written in terms of a few degrees of freedom which capture the

correct qualitative features of the many winding modes. In what follows, this is the strat-

egy that we shall follow. We will introduce a highly localized tachyon profile T , which

will naively lead to divergences in the classical action. As in other cases, dealing with

the naive divergences will lead us to a renormalization of the naive action. Although the

renormalization of a classical expression is unusual, it has a familiar origin in the presence

of infinitely many degrees of freedom.

To consider large inhomogeneities we shall take all winding tachyons to be equal,

τn(x) ≡ τ(x). The Lagrangian in (2.4) becomes

L ∼ −
∞
∑

n=−∞

|τ(x)|2
(

(

Rn

α′
+ X

(−)1
0 (x)

)2

− 1

2α′

)

. (2.7)

To compare with [13] we shall define a field X
(−)1
0 (x) = ℓ(x)

2πα′ . Assuming vanishing gauge

fields in the Dp-brane worldvolume, we find

S = −
∞
∑

n=−∞

Tp

∫

dp+1x

(

2πα′|∂µτ |2 +
1

2
(∂µℓ)2 + |τ(x)|2

(

(2πRn + ℓ(x))2

2πα′
− π

))

.

(2.8)

As mentioned above, the theory in (2.8) is manifestly ill-defined, and requires some

form of regularization. In the next section, we shall develop the necessary formalism in a

simple harmonic oscillator example before returning to the Dp and D(p + 1) theories.

3 Oscillators on a circle

Consider the classical theory of a one-dimensional harmonic oscillator connecting two par-

ticles, at positions X1 and X2. As in section 2, let us attempt to study this system,

constrained to live on a circle of radius R, through a shift orbifold. Although this example

may seem too trivial, we shall see that it is sufficient to display the typical difficulties

encountered when trying to implement the proposal we discussed in the section 2.

– 5 –
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We separate the center-of-mass motion from the relative coordinate

X =
X1 + X2

√
2

; ℓ =
X1 − X2

√
2

. (3.1)

In what follows, the center-of-mass coordinate X always decouples, allowing us to write a

theory for ℓ only. For an oscillator on the real line we have the potential

Vsingle(ℓ) =
k

2
ℓ2 . (3.2)

We would like to build an effective theory for oscillators on a circle. When working

on the circle we have new possibilities: the oscillator may wrap the circle multiple times

before attaching to the particles. Such winding modes are incorporated by working on the

covering space and implementing the method of images,

VS1 ∼
∞
∑

n=−∞

Vsingle(ℓ + 2πR n) . (3.3)

In effect, this implements an orbifold where one would like to identify the fields

ℓ ∼ ℓ + 2πRn.

We need to give a meaning to the following (Euclidean) Lagrangian, θ ≡ ℓ
R ,

L =
mR2

2

∞
∑

n=−∞

(

θ̇2 +
k

m
(θ + 2πn)2

)

. (3.4)

Although classical, the infinite collection of modes require a regularization to sensibly define

the theory. As in more familiar field theory examples, we shall introduce a cut-off parame-

ter, ǫ, to render the effective action finite. Next we will introduce renormalized quantities

through wavefunction and coupling constant counterterms. As we remove the cut-off, the

divergences must be absorbed into the definition of the counterterms as functions of ǫ. As

in other cases, it is not sufficient to simply absorb the divergences. We must also satisfy

renormalization conditions. For us it is most natural to impose conditions as R → ∞ to

ensure that the correct non-compact theory is obtained. As we shall see, the main subtlety

lies in the form of the finite terms necessary to implement the renormalization conditions.

3.1 Cut-off regularization

The above action (3.4) has two obvious features: it diverges and it is invariant under

θ → θ + 2π. We want to preserve this invariance in the renormalized action. When

considering the type of effective action we could define, we note the following facts. In

any renormalization scheme, the leading divergence will be independent of fields. We also

expect divergent subleading terms which may involve θ̇, but there can be no finite order

polynomials of θ due to the symmetry.

To extract physical information, we will look for scaling solutions. These solutions are

required to respect the shift symmetry and satisfy certain renormalization conditions. In

– 6 –
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this case, the renormalization conditions amount to specifying the renormalized action’s

form at small renormalized field values

L ∼ mR2

2

(

θ̇2 +
k

m
θ2

)

. (3.5)

Condition (3.5) is tantamount to demanding the correct R → ∞ behavior.

Regulator: to isolate the divergences, let us introduce a cut-off regulator3 for La-

grangian (3.4),

Lǫ =
mR2

2

(

−∂

∂ǫ

)

[

∞
∑

n=−∞

e−ǫ(θ̇2+ k
m

(θ+2πn)2)

]

(3.6)

L = lim
ǫ→0+

Lǫ . (3.7)

This expression should be reorganized to isolate the divergences. Using a Jacobi theta

function,
(

Θ3(ν|τ) =
∑∞

n=−∞ eπiτn2
e2πiνn

)

,

Lǫ =
mR2

2

(

−∂

∂ǫ

)[

e−ǫ(θ̇2+ k
m

θ2)Θ3

(

i2ǫθ
k

m

∣

∣

∣i4πǫ
k

m

)]

(3.8)

=
mR2

2

(

−∂

∂ǫ

)[

e−ǫ(θ̇2)
√

m

4πk

1

ǫ1/2
Θ3

(

θ

2π

∣

∣

∣

im

4πkǫ

)]

. (3.9)

As expected, we see that there is a field-independent divergence. In addition, there

is a subleading divergence proportional to θ̇2. All the θ dependence is locked in exponen-

tially vanishing terms. Without looking for scaling solutions, all the θ dependence simply

drops out of the effective action, making it impossible to satisfy the renormalization condi-

tion (3.5) (to obtain the correct decompactification limit). To proceed, we shall introduce

suitable multiplicative renormalization factors which will kill the divergent terms and soften

the convergence of the θ-dependent terms, as is necessary to satisfy the renormalization

condition (3.5).

Counterterms: after isolating the divergences, we will introduce various renormalization

factors to absorb them. It is important to note that one cannot simply add polynomial

counterterms due to the shift symmetry:

Zℓ : ℓ0 = Z
1/2
ℓ ℓ (3.10)

ZR : R0 = ZRR (3.11)

Zk : k0 = Zkk (3.12)

ZΛ : vacuum energy shift . (3.13)

3In appendix A we use an alternate regulator based upon an analytic continuation to obtain the same

regulated effective action. Even using a cut-off scheme, there is some ambiguity in how the theory is

regulated. For instance, because the bare coefficients are ǫ-dependent, there are ordering ambiguities

associated with the position of the derivative, ∂ǫ. One finds that each specific choice leads to different

values for the counterterms, but the renormalized Lagrangian is always the same.

– 7 –
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Writing the Lagrangian (3.9) as a function of renormalized quantities, we find

Lǫ =
mZ2

RR2

2

(

−∂

∂ǫ

)

[

e
−ǫ

Zℓ

Z2
R

(θ̇2)
√

m

4πk

1

(Zkǫ)1/2
Θ3

(

θ

2π

Z
1/2
ℓ

ZR

∣

∣

∣

im

4πkZkǫ

)]

+ ZΛ .

It turns out that we can uniquely fix the counterterms by requiring the correct decom-

pactification limit.4 The shift symmetry of the renormalized action fixes

Zℓ = Z2
R . (3.14)

Demanding that the kinetic term for θ is correctly normalized fixes

Z4
R =

4πk

m
Zkǫ . (3.15)

Using relations (3.14) and (3.15), we can rewrite the Lagrangian as

Lǫ =
mR2

2
θ̇2 +

mR2

2
(Zkǫ)1/2

(

−∂

∂ǫ

)[

1

(Zkǫ)1/2
Θ3

(

θ

2π

∣

∣

∣

im

4πk

1

Zkǫ

)]

+ ZΛ . (3.16)

All that remains is to solve for Zk and ZΛ. Notice, if Zk is only a polynomial in ǫ, all

of the θ dependence will still vanish exponentially due to the properties of Θ3. Therefore,

we need to soften this exponential behavior into a simple powerlaw. Focusing on the θ

term, we must obtain kR2

2 θ2 for small θ. Equivalently, we must demand

− ∂

∂ǫ
Θ3

(

θ

2π

∣

∣

∣

im

4πk

1

Zkǫ

)

∼ k

m
θ2 (for small θ) . (3.17)

While satisfying (3.17) may look complicated, we can solve it with a simple ansatz, m
4kZkǫ =

− ln(c · ǫp). Equation (3.17) becomes

− ∂

∂ǫ



1 + 2

∞
∑

q=1

cos(qθ) (cǫp)q
2



 ∼ k

m
θ2. (3.18)

Choosing

Zk = −m

4k

1

ǫ ln
(

k
mǫ
) , (3.19)

we find a finite term in the Lagrangian, −
(

mR2

2

)

2k
m cos θ +O(ǫ2). When Taylor expanded,

this includes the term kR2

2 θ2, as desired.

Finally, we should determine the vacuum renormalization constant. Using the solution

for Zk, the field-independent terms in the action are (in the small field limit)

mR2

2
(Zkǫ)

1/2

(

−∂

∂ǫ

1

(Zkǫ)1/2

)

− kR2 + ZΛ . (3.20)

Our renormalization condition forces (3.20) to vanish, which fixes ZΛ in terms of all the

other parameters.

4The effective action is uniquely determined up to a discrete choice determining the winding sector

in which the field θ lives. This ambiguity is fixed by requiring that the smallest shift leaving the action

invariant is θ → θ + 2π. Higher winding sectors would only need to be invariant under shifts θ → θ + 2π

w

for a winding number w. Fixing w = 1 may simply be considered a fixed condition necessary to define a

renormalization scheme.

– 8 –
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Summary: for convenience, we summarize the above counterterms:

Zℓ = Z2
R (3.21)

Z4
R =

4πk

m
ǫZk (3.22)

Zk = −m

4k

1

ǫ ln
(

k
mǫ
) (3.23)

ZΛ = kR2 +
mR2

2
(Zkǫ)

1/2 ∂

∂ǫ

1

(Zkǫ)1/2
. (3.24)

Plugging in the wavefunction renormalization factors, we find the renormalized effective

action

Lren = lim
ǫ→0

mZ2
RR2

2

(

−∂

∂ǫ

)

[

e
−ǫ

Zℓ

Z2
R

(θ̇2)
√

m

4πk

1

(Zkǫ)1/2
Θ3

(

θ

2π

Z
1/2
ℓ

ZR

∣

∣

∣

im

4πkZkǫ

)]

+ ZΛ

=
mR2

2
θ̇2 + kR2 (1 − cos(θ)) (3.25)

=
m

2
ℓ̇2 + kR2

(

1 − cos

(

ℓ

R

))

. (3.26)

After introducing a scaling solution, we found the action for two point particles on a

circle with a spring connecting them.5 In principle, we could carry out this analysis for

theories whose non-compact descriptions contain higher order interactions. These inter-

actions would simply induce higher harmonics in the effective potential with coefficients

tuned to achieve the correct R → ∞ limit.

4 Tachyon effective action

In the previous section we developed an effective action for a classical mechanical system by

integrating out winding modes. We would now like to return to the Dp-Dp (and D(p + 1)-

D(p + 1)) systems. Our starting point will be the action for a brane/anti-brane pair

separated in the x1 direction. In fact, it is trivial to embed the branes into curved space

L = −µpe
−ϕ√−g

(

2 + g11(∂ℓ)2 + 2πα′|∂τ |2 + g11
|τ |2ℓ2

2πα′
− π|τ |2

)

. (4.1)

In (4.1) it is assumed that g11 does not depend on ℓ. The
√−g is simply the measure

from the bulk metric, restricted to the worldvolume coordinates; we have chosen to ex-

plicitly write all the ∂ℓ dependence. Also, the field ℓ is the component transverse to the

branes. Finally, the first term represents the standard volume term present when expanding

DBI actions.

5Another place where these scaling solutions might be useful is in 2 + 1 dimensional lattice compact

QED. For compact QED a common lattice Lagrangian is the Wilson Lagrangian, LW ∼ 1−cos F . Although

it manifestly respects the compact nature of the gauge group, it can be difficult to use due to its nonlinear

character. Using our results, it might be easier to use a Gaussian Lagrangian, L ∼
P

n
(n + F )2, which one

now knows is in the same universality class.
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4.1 Tachyon DBI on a circle

Using the effective action for branes separated on a non-compact space, we wish to im-

plement a shift orbifold in the x1 direction. Assuming the same inhomogeneous tachyon

profile for T , the Lagrangian for Dp-Dp becomes

LW ∼ −
∞
∑

n=−∞

µpe
−ϕ√−g

(

2 + g11(∂ℓ)2 + 2πα′|∂τ |2 + g11
|τ |2(ℓ + 2πR4n)2

2πα′
− π|τ |2

)

.

As discussed in section 2, experience with field theories of a finite number of fields may

be misleading. We will look for a simpler effective action which retains some of the winding

physics. We will find it natural to adjust µp when we sum over winding contributions. In

the section 5 we will provide an explicit example of such a model where the scaling solution

is shown to be energetically favorable.

Following the harmonic oscillator example, we introduce a regulator for the winding

physics

LW,ǫ = −
∞
∑

n=−∞

e−ϕ√−g

×
(

2 + 2πα′|∂τ |2 − π|τ |2 + g11(∂ℓ)2 − g11|τ |2
2πα′

∂ǫ

)

µpe
−ǫ(ℓ+2πRn)2 . (4.2)

As is usual, there is some ambiguity in how the theory is regulated. When using different

regulators we find that the precise form of the counterterms must be adjusted. However, the

physical quantity, the renormalized Lagrangian, will be invariant under all these choices.

Using properties of theta functions, (4.2) can be rewritten as

LW,ǫ = −e−ϕ√−g

(

2 + 2πα′|∂τ |2 − π|τ |2 + g11(∂ℓ)2 − g11|τ |2
2πα′

∂ǫ

)

×µp
1√

4ǫR2
Θ3

(

θ

2π

∣

∣

∣

i

4πǫR2

)

. (4.3)

The scaling solution is very similar to the harmonic oscillator example. We will let µp

and R to be functions of the cut-off ǫ.6 These are such that

µp(ǫ)

2
√

ǫR(ǫ)
= µp,phys . (4.4)

Following the harmonic oscillator example, we will make the choice

R2(ǫ) = − 1

4ǫ ln(R2
physǫ)

. (4.5)

With these choices, the Lagrangian becomes

LW = −µpe
−ϕ√g

(

2 + 2πα′|∂τ |2 + g11(∂ℓ)2 − |τ |2
(

π +
2g11R

2

2πα′
cos

(

ℓ

R

)))

. (4.6)

6Rescaling µp can be thought of as rescaling the string coupling constant gs. An alternate perspective

on this rescaling comes from the shift orbifold itself. Such orbifolds always have divergent normalization

constants. Here we are dealing with such constants within a specific regularization scheme.
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Equation (4.6) is almost correct, but it does not yet have the correct R → ∞ limit. We

must add a term which is the analog of the vacuum energy in (3.20). Here the term induces

a metric-dependent mass term to the τ field.

After fixing the counterterms we may state that the effect of the method of images is

to replace 1
2ℓ2 → R2

(

1 − cos( ℓ
R )
)

,

LW = −2µpe
−ϕ√−g (4.7)

−µp−1e
−ϕ√−g

(

g11(∂ℓ)2 + 2πα′|∂τ |2 + g11
2|τ |2R2

(

1 − cos( ℓ
R )
)

2πα′
− π|τ |2

)

.

The Lagrangian in (4.7) still knows about the parameter R as opposed to simply trun-

cating to the zero winding sector. Because the effective potential is bounded from above

as a function of ℓ, generically we expect the backgrounds considered here to be energet-

ically favorable when compared to a truncation to zero winding modes. After T-duality,

dependence on this length scale directly corresponds to inhomogeneities in the tachyon

condensation. In the next section 5 we apply the effective action (4.7) to a model of chiral

symmetry breaking in HQCD and explicitly show that it is energetically preferred.

5 Application to HQCD model

In [1, 2] Sakai and Sugimoto introduced a D4-D8-D8 brane system which provides a geo-

metric realization of chiral symmetry breaking of holographic QCD.7 In the following we

shall only consider the geometric part of the SS model, for a discussion of the gauge field

theory, see the review [31]. In the limit of large number of D4-branes (Nc → ∞) we can

treat D8-D8-branes as probes in this geometry. In particular, to demonstrate our methods

we only consider a single (Nf = 1) D8-D8 pair.

The D4-brane near horizon geometry is

ds2 =

(

α′U

R

)3/2
(

ηµνdxµdxν + f(U)(dx4)2
)

+

(

α′U

R

)−3/2((α′dU)2

f(U)
+ (α′U)2dΩ2

)

(5.1)

with nontrivial dilaton and three-form

eϕ = gs

(

α′U

R

)3/4

, F4 = dC3 =
2πNc

V4
ǫ4 , f(U) = 1 −

(

U3
KK

U3

)

, UKK =
4

9

R3

R2
4

. (5.2)

The coordinate U parameterizes the radial direction of AdS6 of characteristic length scale

R. In this background the x4-direction is compact with radius R4. D8-D8-branes are

pointlike and separated by length ℓ in the x4-direction.

We are interested in studying the (complex) tachyon in the SS model, which originates

from the open strings stretching between D8- and D8-branes. Basically, such a modification

of the original model has already been studied in [3–5], but here we want to keep the x4-

direction compact. The simplest thing, and the background closest to the non-compact

7In this section we shall conform to the notations in references [1, 2]. Specifically, the compact coordinate

will be x4 with radius R4. The parameter R will refer to the AdS scale. In addition, we will work in a

gauge where the tachyon τ is real and define φ = |τ |.

– 11 –



J
H
E
P
0
7
(
2
0
0
9
)
0
8
5

case, is to consider only the zero winding tachyon. Naively, this seems like to be the

only choice, but it has some consequences. The first is that the chiral symmetry breaking

is completely independent of the size of the circle R4, which in turn is related to the

confinement scale. The second is that the T-dual system could only have homogeneous

tachyon decay. From other discussions of open string tachyons [17–21], one would expect

inhomogeneous decay to be relevant. Here we consider a tachyon background with higher

winding modes turned on (the T-dual profile is highly inhomogeneous) and later show that

the higher winding profile is preferred when the branes are macroscopically separated and

the tachyon is “small”.

For simplicity, we will make the following assumptions. We will consider a background

of vanishing gauge field C3 = 0. Also, the tachyon field and transverse scalar are only

assumed to have spatial U -dependence, φ = φ(U) and ℓ = ℓ(U), as in [3–5].

As before, we can expand the tachyon DBI action for the D8-D8 system to second

order. Explicitly,

g44 = f(U)

(

α′U

R

)3/2

,
√−g =

α′5U4

f(U)1/2

(

α′U

R

)−3/4

, (5.3)

and

SNW = −N
∫ ∞

UKK

dU
√

f(U)

(

α′U

R

)5/2
{

1 +
1

2
f2(U)

(

α′U

R

)3

(∂U ℓ)2 (5.4)

+πα′f(U)

(

α′U

R

)3/2

(∂Uφ)2 +

[

−1

2
π + f(U)

(

α′U

R

)3/2 ℓ2

4πα′

]

φ2

}

,

where N = 2V3+1Ω4α′R4µ8

gs
and subscript NW indicates no winding.

The equations of motion derived from (5.4) are

∂u

(

u11/2f3/2(u)(∂uℓ(u))
)

=
R2

2π (α′)3
u4
√

f(u)φ2(u)ℓ(u) (5.5)

∂u

(

u4
√

f(u)(∂uφ(u))
)

=
R2

2π (α′)3

{

− πu5/2

√

f(u)
+

u4
√

f(u)ℓ2(u)

2πα′

}

φ(u) ,

where u = U/R. We label the solutions of these by φNW(u), ℓNW(u).

Multiple winding case: the renormalized action (4.7) for multiple winding tachyons

in the D4-brane background reads

SW = −N
∫ ∞

UKK

dU
√

f(U)

(

α′U

R

)5/2
{

1 +
1

2
f2(U)

(

α′U

R

)3

(∂U ℓ)2

+πα′f(U)

(

α′U

R

)3/2

(∂Uφ)2

+

[

−1

2
π + f(U)

(

α′U

R

)3/2 2R2
4 [1 − cos (ℓ/R4)]

4πα′

]

φ2

}

. (5.6)
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The equations of motion we get from (5.6) are now

∂u

(

u11/2f3/2(u)(∂uℓ(u))
)

=
R2

2π (α′)3
u4
√

f(u)φ2(u)R4 sin (ℓ(u)/R4)

∂u

(

u4
√

f(u)(∂uφ(u))
)

=
R2

2π (α′)3

{

− πu5/2

√

f(u)

+
u4
√

f(u)R2
4 [1 − cos (ℓ(u)/R4)]

πα′

}

φ(u) . (5.7)

We label the solutions of these by φW (u), ℓW (u).

5.1 Analysis of the solutions

As dictated by the expansion of the action, we analyze the solutions of (5.5) and (5.7)

when u is large. In which case, φ(u), ∂uφ(u), and ∂uℓ(u) are expected to be small, but ℓ(u)

may be large. When these assumptions are violated a more detailed analysis is needed.

The infrared behavior of the nonexpanded (NW) action shows that ℓ(u) vanishes as φ(u)

blows up (see [3, 5]). Since the actions (5.4) and (5.6) coincide for ℓ(u) → 0, we expect

that winding effects do not change the infrared behavior essentially.

It is known [3, 5] that for u ≫ 1/ℓ
4/3
∞ the ultraviolet normalizable solution is exponen-

tially damped:

φNW(u) ∼ 1

(bu)2
e−bu , (5.8)

where b = Rℓ∞/(2πα′) and ℓ∞ is the constant (asymptotic) value of ℓ(u). Notice that

ℓ∞ ≤ πR4. The solution of ℓNW(u) sufficiently far away from the zero of f(u) reads

ℓNW(u) ≃ ℓ∞ − C

u9/2
(5.9)

plus a term which is driven by the tachyon field. This additional term may be dominant

for u ∼ 1/ℓ
4/3
∞ if the tachyon field is large enough, but we shall not consider such cases.

The asymptotic behavior of the solutions of (5.7), ℓW (u) and φW (u), are obtained from the

above formulae by the replacement ℓ∞ → R4

√

2(1 − cos(ℓ∞/R4)) in (5.8). This is simply

seen by comparing (5.5) and (5.7).

We now turn to analyzing the full set of equations of motion (5.5) and (5.7) by numer-

ical methods, in the ultraviolet regime u ≫ 1/ℓ
4/3
∞ .

Let us first compare the classical solutions coming from the zero and the multiple

winding actions in the ultraviolet region, i.e., in the region where ℓ(u) grows monotonically,

its deviation from the asymptotic value is small, and the normalizable part of the tachyon

decays exponentially. The R dependence of the actions may be removed by rescaling

u → u/R4, ℓ(u) → R3ℓ(u), and R4 → R3R4 [3, 5]. Remembering to rescale the boundary

conditions, we will fix R = α′ = 1. The solutions for specific boundary values at u = 10,

with ℓ′(10) ∼ 10−11 and φ(10) ∼ 10−12, are shown in figure 1.

Using the numeric solutions it is straightforward to evaluate the energy density dif-

ference ENW − EW in the ultraviolet region. The difference of the energy densities of the
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Figure 1. The solutions of the differential equations (5.5) (solid curves) and (5.7) (dashed curves)

for φ(u) (left) and ℓ(u) (right). The solutions for ℓ(u) overlap. Boundary conditions at u = 10 are

ℓ′(10) = 0.22 × 10−11, φ(10) = 10−12 and φ′(10) = −10−12/2π. We use R4 = 1/2 and ℓ∞ = 1.

two actions is plotted in figure 2 using the same boundary conditions for the fields as in

figure 1 but varying R4. It is seen that the qualitative behavior is stable against changes in

R4. We have also checked that the action with multiple windings is slightly energetically

favored8

EW < ENW . (5.10)

This is easy to understand by using the asymptotics (5.8). When winding is included, the

constant b is multiplied by the factor R4

√

2(1 − cos(ℓ∞/R4))/ℓ∞, which is always smaller

than one. Thus the exponential decay is slower, leading to smaller values of the tachyon

field as seen in figure 1 (left). The tachyon contributions to the energy densities are positive

(∝ φ′(u)2, φ(u)2) and hence smaller in the multiple winding case. The contributions to the

difference ENW − EW due to the change in ℓ(u) are subleading.

6 Discussion

We developed a novel method to study classical theories of separated branes with compact

transverse dimensions and inhomogeneous open string tachyon condensation along a circle.

While describing such spacetimes with a shift orbifold, we introduced scaling solutions

which enabled us to deduce an effective action with only a finite number of fields. This

method was explicitly applied to a simple harmonic oscillator example and to a linearized

description of brane/anti-brane pairs. In both examples the fundamental result was to

replace ℓ2

2 with R2
(

1 − cos( ℓ
R )
)

such that the correct R → ∞ limit is obtained.

In section 5, we applied the scaling solution to a single D8-D8-pair which was used

in [1, 2] to describe chiral symmetry breaking. Where our analysis was valid, at large U ,

we found that the scaling solution has a lower free energy than simply truncating physics

to the zero winding sector. At the very least, we take this to indicate that scaling solutions

are competitive with the standard backgrounds used previously.

8The IR (small u) physics does not change this result since in this case the on-shell actions of zero and

multiple windings coincide.
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Figure 2. The difference of the energy densities corresponding to the actions (5.4) and (5.6). The

boundary conditions of the fields are the same as in figure 1. We set ℓ∞ = R = N = 1, and vary R4.

Solid, dashed, dot-dashed, and dotted curves correspond to R4 = 100, 10, 1, and 1/π, respectively.

For the antipodal case, R4 = 1/π, we restricted u & 5 due to the zero of f(u) at u ≃ 4.4.

Given our apparent success in finding nontrivial scaling solutions to the low-energy

effective action, we would like to demonstrate their existence at a more fundamental level.

An incremental approach would be to improve the analysis in subsection 4.1, where we

found it necessary to expand the square-root in the DBI action. When treating the higher

powers order by order, we lose the DBI action’s exactness in α′. It would be instructive to

try to deal with this action without performing such an expansion. At a more fundamental

level, one would like to move away from low-energy effective actions and directly deal with

the worldsheet description. The challenge with trying to solve the worldsheet theory is that

one must simultaneously turn on a nontrivial tachyon and length modulus backgrounds, a

task which is currently out of reach.

In addition to identifying a scaling solution in the fundamental string theory, many

questions relevant to HQCD arise from the results of section 5. For example, to study chiral

symmetry breaking we would like to generalize the discussion to include more flavors. Also,

it would be interesting to incorporate finite temperature into the analysis. As in [34], it

should also be possible to generalize to p − q brane configurations and to non-vanishing

worldvolume gauge fields.

Authors of [3, 28] introduced the tachyon field, in the non-compact case, to study

quark masses. They found Gell-Mann-Oakes-Renner (GOR) type relationship relating the

quark expectation values to pion masses. To do this it was necessary to use the full tachyon

DBI action and impose boundary conditions on the tachyon when the branes joined in the

IR. It would be very interesting to study the effect of a compact direction on the GOR

relationship. Unfortunately, this is beyond the scope of our current analysis, which is only

valid when the branes are well separated.
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A Analytic regularization

It is interesting to study the Lagrangian in (3.4) using an alternate regulator. The most

obvious alternative, which preserves invariance under shifts in θ, is an analytic continuation

regulator

L = lim
s→−1

Ls (A.1)

Ls =

(

mR2

2

)−s ∞
∑

n=−∞

(

1

θ̇2 + k
m(θ + 2πn)2

)s

. (A.2)

As before we want to introduce counterterms which preserve the shift symmetry, Z̃ℓ =

Z̃2
R. We find,

Ls =

(

mZ̃2
RR2

2

)−s ∞
∑

n=−∞

(

1

θ̇2 + Z̃kk
m (θ + 2πn)2

)s

. (A.3)

At this point we are implicitly thinking of the analytic counterterms, Z̃i, as functions of

the regulating parameter, s.

In actuality, it is simpler to introduce modified counterterms, Z̄i(t), after introducing

Schwinger parameters:

Ls =

(

mR2

2

)−s
1

Γ(s)

∫ ∞

0

dt

t
Z̄2

Rts
∞
∑

n=−∞

e
−t

“

θ̇2+
Z̄kk

m
(θ+2πn)2

”

(A.4)

=

(

mR2

2

)−s
1

Γ(s)

∫ ∞

0

dt

t
Z̄2

Rtse−t(θ̇2+
Z̄kk

m
θ2)Θ3

(

2i
Z̄kk

m
tθ
∣

∣

∣4πi
Z̄kk

m
t

)

(A.5)

=

(

mR2

2

)−s
1

Γ(s)

√

m

4πk

∫ ∞

0

dt

t

Z̄2
R

√

Z̄k

ts−1/2e−tθ̇2
Θ3

(

θ

2π

∣

∣

∣

im

4πZ̄kkt

)

(A.6)

=

(

mR2

2

)−s
1

Γ(s)

√

m

4πk

∫ ∞

0

dt

t

Z̄2
R

√

Z̄k

ts−1/2e−tθ̇2



1+ 2

∞
∑

q=1

cos(θq)e
−1
4t

„

q
q

m

Z̄kk

«2


 .

This integral expression serves as an implicit definition of the modified counterterms Z̄i(t)

in terms of Z̃i(s). Though this appears to be a complicated integral expression, we can

solve for the Z̄i(t).
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Analytic counterterms: it is a straightforward exercise to solve for the counterterms

which are consistent with the renormalization conditions. The solution is

Z̄ℓ(t) = Z̄2
R(t) (A.7)

Z̄4
R(t) =

4πk

m
tZ̄k(t) (A.8)

Z̄k(t) = −m

4k

1

t ln
(

k
m t
) (A.9)

Z̄Λ = kR2 (A.10)

Ls =
mR2

2Γ(s)

∞
∑

q=−∞

eiqθ

(

k

m

)q2

θ̇−(s+q2)Γ(s + q2) + kR2 (A.11)

∼ mR2

2
θ̇2 + kR2 (1 − cos(θ)) . (A.12)

Mellin transformation: though the cut-off scheme and the analytic scheme look differ-

ent, they are related through a Mellin transform,

A(ǫ) ≡
∞
∑

n=−∞

e−λnǫ , A(s) ≡
∞
∑

n=−∞

λ−s
n (A.13)

M [A(ǫ)] (s) =

∫ ∞

0

dǫ

ǫ
ǫsA(ǫ) = Γ(s)A(s) . (A.14)

The most important fact to note is that, while a cut-off acts locally in momentum space,

its effects are smeared out when defining the analytic scheme. In essence, we are Fourier

transforming the cut-off dependence.

While this is obviously true before introducing the scaling solution, knowledge of the

counterterms for the analytic regulator allows us to check the Mellin transform relationship

for the renormalized action.

M[L(ǫ)](s)

Γ(s)
=

mR2

2Γ(s)

∫ ∞

0

dǫ

ǫ
ǫs

(

∞
∑

q=−∞

eiqθ

(

k

m
ǫ

)q2
)

+ ZΛ(s) (A.15)

=
mR2

2Γ(s)

∞
∑

q=−∞

eiqθ

(

k

m

)q2
(

θ̇
)−(s+q2)

Γ(s + q2) + ZΛ(s) (A.16)

∼ mR2

2
θ̇2 Γ(s)

Γ(s)
+ kR2 cos(θ)

Γ(s + 1)

Γ(s)
+ ZΛ(s) . (A.17)

After setting ZΛ(s) = kR2, we obtain the correct effective Lagrangian9

Ls =
mR2

2
θ̇2 + kR2 (1 − cos(θ)) + O(s + 1) . (A.18)

In this appendix we have dealt with the divergences in (3.4) using an alternate regu-

lator. We find that the renormalized effective action is the same for both regulators.

9Note that limǫ→0
Γ(−n+ǫ)

Γ(−(n+1)+ǫ)
= −(n + 1).
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